Flow through a channel bounded by a porous layer is considered when a transition layer exists between the channel and the medium. The variable permeability in the transition layer is chosen such that Brinkman's equation governing the flow reduces to a generalized inhomogeneous Airy's differential equation. Solution to the resulting generalized Airy's equation is obtained in this work and solution to the flow through the transition layer, of the same configuration, reported in the literature, is recovered from the current solution.
Introduction
In their recent study, Nield and Kuznetsov [1] provided elegant analysis of the mechanics of a transition layer between a Darcy porous layer and a Navier-Stokes channel. In the transition layer, they employed Brinkman's equation with variable permeability and provided exact solution of the flow in terms of Airy's functions. Rooted in the work of Nield [2] , the concept of the transition layer has been implemented and validated in the analysis provided by number of other authors over the last two decades (cf. Goyeau et al. [3] ; Goharzadeh et al. [4] ; Parvazinia et al. [5] ; Chandesris and Jamet [6] ; Hill and Straughan [7] ; Duman and Shavit [8] ), thus illustrating further usefulness of Brinkman's equation in the study of flow over porous layers. Furthermore, the Nield and Kuznetsov approach [1] continues to receive attention, and has been implemented by a number of authors in their solution of problems involving the transition zone (cf.
Tao et al. [9] and the references therein). In addition to providing an impetus to 3) Initiating non-traditional models of permeability variations in porous media. While the classical use of elementary mathematical functions has served the subject matter well, the use of special functions in advancing the topic represents a new generation of models the computations of which is no longer a formidable task.
Many excellent reviews of flow through and over porous layers are available in the literature (cf. Nield and Bejan [11] ; Nield [12] ), and it is not our intention to revisit appropriate models and conditions at the interface between a fluid and a porous layer. Rather, our intention in this work is to revisit the problem considered by Nield and Kuznetsov [1] and provide an alternative variable permeability model that reduces Brinkman's equation in the transition zone to a generalized Airy's differential equation (in the sense introduced by Swanson and Headley [13] ). We will present an analytical solution in terms of the generalized Airy's functions, and provide computations using Maple's built-in functions.
The solution provided by Nield and Kuznetsov [1] is then compared with a special case of the current formulation, which shows agreement between solutions obtained. It is believed that the current approach will provide extended flexibility in modelling permeability variations in the transition zone.
Problem Formulation
We consider fluid flow through a channel consisting of three layers, as shown in Figure 1 . The first layer consists of free-space, bounded below be a solid, impermeable wall and bounded above by the transition porous layer, and is occupied by a fluid whose flow is governed by Navier-Stokes equations. The second (middle) layer is a porous medium with variable permeability taken as the reciprocal of a polynomial of degree n. This is the transition layer that bounds the free-space channel from above, and is saturated with fluid whose flow is governed by Brinkman's equation. The third layer is a porous medium with constant permeability that is bounded from above by a solid, impermeable wall, and bounded from below by the variable permeability transition layer. layers is driven by a common pressure gradient. Permeability distribution in the configuration of Figure 1 is given as follows, where we take 0 K as a constant reference permeability.
In the lower region, or Region 1 (the fluid zone):
In the middle region, or Region 2:
In the upper region, or Region 3:
The boundary value problem at hand can be formulated as follows:
In the above equations,
is the constant pressure gradient. For
1, 2, 3 i =
, with 1 i = referring to layer 1, 2 i = referring to layer 2, and 3 i = referring to layer 3, the quantities in Equations (4), (5) , and (6): * , , 
The permeability distributions, 1 2 , K K and 3 K can be written in the following dimensionless form in terms of Darcy number, Da:
Equations (4), (5), and (6) take the following forms, respectively:
and, upon substituting the permeability distributions, (7)-(9), in equations (10)-(12), we get
Equation (13), (14) and (15) must be solved subject to the following boundary and matching conditions 
Equation (14) and Equation (15) become, respectively:
General solutions for Equation (13) and Equation (20) 
Equation (23) 
The terms p I and p K are the modified Bessel functions defined as: Solution to the homogeneous part of (23) is thus given by
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We find it convenient to introduce the following integral function:
The function ( ) 
and general solution of (23) is expressed, using variation of parameters, as:
where
Upon substituting
u y U y ≡  , and (28) we obtain the following general solution to
Equation (14): 
Shear stress expressions across the layers are obtained from Equations (21), (22) and (32), and take the following form:
Upon using boundary and interfacial conditions, (16a)-(16f), in Equations (21), (22) and (32), we obtain the following system of linear equations that is to be solved for the arbitrary constants 1 1 2 2 3 3 , , , , , 2 2  2 2  3 3  3  3 3  3   2   2 exp exp
Linear Equations (39)- (44) are cast in the following matrix-vector form
where: 
In solving the above linear system, we make use of the following values of the generalized functions n A , n B and n Z , and their first derivatives at zero (cf.
[13]), wherein Γ is the Gamma function: 
Results and Analysis
Results Values of 
Dimensionless Permeability Distributions
For the sake of graphs we find it more convenient to plot the reciprocal of the dimensionless permeability functions (7)- (9), namely
Dependence of the permeability distributions on the value of n is illustrated in Figure 2 , which shows the reciprocal of the dimensionless permeability across the three layers for n = 1, 2, 3 and 5, for demonstrates the increase of the reciprocal permeability of the transition layer (or decrease of permeability) with increasing n.
Velocity at the Interfaces
At the lower and upper interfaces, y η = and y ξ = , respectively, between layers, velocity expressions are obtained from Equations (21), (22), and (32), and take the form ( ) 
Velocity at the lower and upper interfaces for different middle layer thickness, different values of Da, and for n = 1 and n = 2 are given in Table 1 and Table 2 , which furnish the following observations:
M. S. Abu Zaytoon et al. Table 1 . Velocity for n = 1 at the upper and lower interface. Table 2 . Velocity for n = 2 at the upper and lower interface. 2) Computations of velocity at the lower interface using expressions (58) and (59) agree up to within seven significant digits. The same is true for computations of velocity at the upper interface using expressions (60) and (61). This is indicative of appropriate matching of the velocity at the interfaces, used in this work.
3) For a given Da, velocity at the lower interface decreases with increasing middle layer thickness. Similarly, velocity at the upper interface decreases with increasing middle layer thickness. This behavior persists for both n = 1 and n = 2. 4) For a given middle layer thickness, velocity at each of the lower and upper interfaces increases with increasing Da. This is expected, as Da is defined as a dimensionless reference permeability and accompanied with increasing permeability is a velocity increase.
5) The effect of increasing n on the velocity at the interfaces for a given thickness and Da is that the velocity at each interface increases with increasing n. This is true for both thin and thick transition layers, and for the range of Da used.
Shear Stress at the Interfaces
At the lower and upper interfaces, y η = and y ξ = , respectively, between layers, shear stress expressions are obtained from Equations (36), (37), and (38), and take the form ( ) 
Shear stress at the lower and upper interfaces for different middle layer thickness, different values of Da, and for n = 1 and n = 2 are given in Table 3 and Table 4 , which furnish the following observations: 1) Computations render reasonable results for Da as low as 0.001 when n = 1 and n = 2. Inaccuracies start creeping when Da < 0.001. This behavior may be attributed to the inaccuracies reported earlier when computing velocity at the interfaces using Maple's built-in functions. When dealing with a thin transition layer, results are accurate for as low as Da = 0.00001.
2) Computations of shear stress at the lower interface using expressions (62) and (63) agree up to within a minimum of five significant digits. The same is true for computations of velocity at the upper interface using expressions (64) and (65).
3) For a given Da, the absolute value of the shear stress at the lower interface increases with increasing transition layer thickness. Similarly, at the upper interface. This behavior persists for both n = 1 and n = 2. Table 3 . Shear stress at the upper and lower interfaces for n = 1. 5) The effect of increasing n on the absolute value of shear stress at the interfaces for a given thickness and Da is that at each interface, this absolute value increases with increasing n. This is true for both thin and thick transition layers, and for the range of Da used.
Friction Factor
A quantity of interest is the negative of the shear stress term at the interface between the channel and the transition layer, namely
This has been analyzed and defined by Nield and Kuznetsov, [1] , as a friction factor representing the dimensionless frictional stress in the fluid at the interface.
From Equation (62) we can see that ( )
Values of f c − for different Da, layer thickness and n = 1 are listed in Table   5 and compared with the values obtained by Nield and Koznetsov, [1] , for the same problem. Agreement between the current results and Nield and Koznetsov results, up to the three significant digits they report is clear from Table 5 . Values of f c − for different Da, layer thickness and n = 2 are listed in Table 6 .
Mean Velocity across the Layers
The dimensionless mean velocities across the layers are defined as Table 8 . Mean velocity across the channel for n = 2. For a given transition layer thickness and a given value of n, the total volume flux decreases with decreasing Da. This is due to flow retardation for smaller permeability.
It should be noted that since the velocity computations for thick layers are accurate for Da as low as 0.001, so are the computations of the mean velocity. For the case of n = 1, and thick transition layer, Figure 5 illustrates the effect of changing Da on the velocity profile. The case of thin layer is shown in Figure 6 . Both figures demonstrate a velocity profile distortion with decreasing Da as the permeability becomes lower in the upper region, resulting in slower flow. The same is illustrated in Figure 7 , Figure 8 for the case of n = 2.
Velocity Profiles
The effect of varying n is illustrated in Figure 9 , which demonstrates the relative increase of velocity in the transition layer with increasing n. This may be Journal of Applied Mathematics and Physics attributed to higher momentum transfer from the adjacent layers that tend to increase the flow velocity there.
Conclusion
In this work, we considered the problem of flow through a porous medium over a free-space channel in the presence of a transition layer. This problem was treated by Nield and Kuznetsov [1] to illustrate the characteristics of the flow when the transition layer is a Brinkman layer of variable permeability described as the reciprocal of a linear polynomial. In this work, we considered the permeability to vary as the reciprocal of an nth degree polynomial and to solve the resulting generalized Airy's differential equation. For the case of n = 1, our results agree with those obtained by Nield and Kuznetsov [1] .
